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Abstract 

We consider a semigroup of operators in the Banach space Cb{H) of 
uniformly continuous and bounded functions on a separable Hilbert space 
H . In particular, we deal with semigroups that are related to solution of 
stochastic PDEs in H and which are not, in general, strongly continuous. 
We prove an existence and uniqueness result for a measure valued equation 
involving this class of semigroups. Then we apply the result to a large 
class of second order differential operators in Cb{H). 



1 Introduction 

Let H he a separable Hilbert space (with norm | • | and inner product (•,•)), 
and let B{H) be its Borel a-algebra. We are concerned with semigroups of 
operators on Cf, {H) , the Banach space of all uniformly continuous and bounded 
functions f : H —>■ R, endowed with the supremum norm || • ||o. In particular, 
we consider a semigroup of linear and bounded operators {Pt}t>o C C{Cb{H)) 
which is a stochastically continuous Markov semigroup^ that is there exists a 
family {TTt{x, ■), t > 0, x G H} of probability Borel measures on H such that 

• the map R+ x H ^ [0, 1], {t,x) 7rf(a;,r) is measurable, for any Borel 
set r e B{H); 

.^t+,(x,r)= / nsiy,T)nt{x,dy),foTei\lt,s>0, xeH,TeBiHy, 

J H 

• for any x G H, 7ro(x, ■) = 5x{-), the probability measure concentrated in 



x\ 



PMx) 



I ip{y)TTt{x, dy), for any t>Q,ipe Cb{H), x G H; 

JH 



• for any e Cb{H), x e H, the function M+ ^ R, t i-^ Pt'^{x) is continu- 
ous. 

It is well known that such semigroups are related with the solution of stochas- 
tic partial differential equations in iJ, see [?], [?], [?], [?]. It is also well known 
that, in general, they are not strongly continuous in Cb(H) (see, for instance. 
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[?], [?], [?]). However, we can define an infinitesimal generator {K,D{K)) by 
setting 

D{K) = e aiH) : 3g e a{H), Hm ^*'^(^) " ^(^) ^ 

(1) 



X € H, sup 

46(0,1) 





< OO [ 


t 


J 



Denoting by Ai{H) the space of all finite Borel measures on H , we consider the 
following problem for measures: given /i G A4{H), find a family of Borel finite 
measures {fJ-t}t>a such that 

j^j^^{x)fjit{dx)=j^K^{x)fit{dx) t>Q,ipeD{K) 
To give a precise meaning of this problem, we introduce the notion of solution 

of da) 

Definition 1.1. Given /i G M.{H), we say that a family of measures {/it}t>o 
is a solution of the measure equation ^ if the following is fulfilled 

• the total variation of the measures /Zt satisfies 

/ ||/^t||Tydt < OO, r>0; (3) 
Jo 

• for any G D(K), the real valued function 

M+^M, t^ (p{x)nt{dx) (4) 
Jh 

is absolutely continuous0 and for any i > it holds 

/ p{x)^t{dx) - I (p{x)fi{dx) = / ( / Kp{x)fj,s{dx)\ds. (5) 
Jh Jh Jo \Jh / 

The first result of this paper is the following 

Theorem 1.2. Let {Pt}t>o be a stochastically continuous Markov semigroup 
and let (K, D(K)) be its infinitesimal generator, defined as in ([T]). Then, the 
formula 

Pt F) C(Cb(H), (Ct(H))') = {Ptf,F)c{C^(^H),{Ct{H))') 

defines a semigroup (P^)t>Q of linear and continuous operators on (Cb(iJ))* 
that maps M{H) into M{H). Moreover, for any ^ G M{H), p G Cb{H) the 
map 

M+ ^ M, t^ I ip{x)Pt*fi{dx) (6) 
Jh 



ithat is it belongs to W'^''^ ([0,T] ) 
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is continuous, and if ip (z D{K) it is also differentiable with continuous differ- 
ential 

^ 1^ ^(x)P,Xdx) - ^ K^(x)P;ti{dx). (7) 

Finally, for any n £ A4 {H) there exists a unique solution of the measure equa- 
tion given by {P^^}t>o. 

In second part of this paper, we consider the transition semigroup {Pt}t>o 
associated to the stochastic differential equation in H 

dX{t) = {AX{t) + F{X{t)))dt + Q^/^dW{t), t > 

(8) 

X{0) =xeH, 
where 

Hypothesis 1.3. (i) A: D{A) C H ^ H is the infinitesimal generator of a 
strongly continuous semigroup e*'^ of type Q{M,uj), i.e. there exist M > 
andu gR such that ||e*^||£(/f) < Me"*, t > 0; 

(a) Q & 'C(-ff) is non negative and symmetric, so its square root Q^^^ exists 
and it is unique (cf for instance, [1]). Moreover, for any t > the linear 
operator Qt, defined by 

Qtx^ I e'^^Qe'^'xds, xeH,t>0 
Jo 

has finite trace; 
(Hi) F : H H is a Lipschitz continuous map; 

(iv) (W(t))t>Q is a cylindrical Wiener process, defined on a stochastic basis 
{^,J-, (^t)t>o,P) and with values in H. 

It is well known that under Hypothesis 11.31 equation ([8]) has a unique stochas- 
tically continuous mild solution {X{t,x))t>o,xeH (see, for instance, [?]), that is 
the random variable X{t,x) : fi ^ H is solution of the integral equation 

X{t,x)^e*^x+ f e'^'~'^^Q^'^dW{t)+ [ e'^'^''^^F{X{s,x))ds (9) 
Jo Jo 

and that 

\\ia¥.[\X{t,x)-X{to,x)\'^]=0, (10) 

for any t^ > 0. Hence, the transition semigroup {Pt}t>o hi Cb{H) associated to 
equation ([5]) is defined by setting 

PMx) ^E[piXit,x))], peCbiH),t>0,xeH. (11) 

It is not too hard to prove that {Pt}t>a is a stochastically continuous Markov 
semigroup (cf Proposition 14. ip . This allows us to define the infinitesimal gen- 
erator {K,D{K)) of {Pt}t>o, as in ([T]). We are interested in the relationships 
between (K, D{K)) and the Kolmogorov differential operator 

Ko(p{x) = ^TT[QD^ip{x)] + {x, A*Dif{x)) + {Dip{x),F{x)), x e H. (12) 

In order to study this problem, we shall introduce the notions of 7r-convergence 
and of TT-core (cf section 2). Then we shall prove the second result of this paper 
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Theorem 1.4. Let Ia{H) be the linear span of the real and imaginary part of 
the functions 



H^C, e'^'''^''-'''^-i^^''''-'''Us: a>0, heD{A* 



where D(A*) is the domain of the adjoint operator of A. Then Xa{H) C D{K) 
and for any Lp G 2a{H) we have K(p — Koip. Moreover, the set Ia{H) is a 
■K-core for {K, D{K)). 

The theorem above states, in particular, that {K,D{K)) is an extension of 
Kq. The problem of extending a differential operator of the form (|12p to an 
infinitesimal generator of a diffusion semigroup has been the object of many 
papers in the recent years. For instance, when the semigroup has an invariant 
measure v, this problem can be studied in the Hilbert space LP'{H]v) of all 
Borel function f : H ^ M. which are square integrable with respect to v (see, 
for instance, [?], [?], [?], [?] and references therein). Other similar results have 
been stated by studying {Pt}t>o in weighted spaces (see, for instance, [?], [?] 
and references therein). 

Results about this problem in Cb{H) are, at our knowledge, new. As conse- 
quence of Theorem 11.41 we have the third main result 



Theorem 1.5. For any fi G M.{H) there exists an unique solution {/i(}t>o C 
{H) of the measure equation 

^ J^ip{x)fit{dx) = J^KQip{x)fj.t{dx) t>0,ipelA{H) ^^^^ 

jiQ ^ fi, n e M{H) 

and this solution is done by fit — Pt fJ-- 

Kolmogorov equations for measures have been the object of several papers. 
Recently, by starting with a generalization of the classical work of Hasminskii 
(see the monograph [?]), in [?] has been stated sufficient conditions in order to 
ensure existence of a weak solution for partial differential operators of the form 

H^{t,x) = a'^ {t,x)d:,,d^^^{x) + b\t,x)d^Mx), {t,x) e (0,1) x R'^, 

where (p G C^{R'^) and a^^ ,b^: (0, 1) x i?'' — > R are suitable locally integrable 
functions. The authors proves that if there exists a Lyapunov-type function for 
the operator H, then there exists a probability measure on R*^ that solves the 
equation H*iy = 0, that is 

HLp{x)v{dx) = 

for any test function G C^{R'^). In [?], this result has been extended to 
separable Hilbert spaces. With similar techniques, in [?] the results have been 
extended to parabolic differential operators of the form Lu{t,x) = ut(t,x) + 
Hu{t,x), u G C|5"((0, 1) X R''). The authors proved that if there exists a 
Lyapunov-type function for the operator L, then for any probability measure v 
on there exists a family of probability measures {/^t}te(o,i) such that 

1 

Lu(t,x)fj,t{dx)dt — 
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for any u «E C^((0, 1) x R'') and linit^o J^d C{x)fit{dx) = J^^ C{x)i^{dx), for any 

In our paper, we are concentrated in uniqueness of the solution. Indeed, we 
deal with differential operators that are related to diffusion processes, hence it 
is not difficult to prove existence of a solution. To get uniqueness we need, of 
course, suitable regularity properties of the coefficients. 

Uniqueness results for such a kind of differential operators in Hilbert spaces 
are, at our knowledge, new. In a forthcoming paper we shall study the case of 
reaction-diffusion. Burgers and Navier-Stokes operators. 

Let us describe how is organize this paper. In the next section we introduce 
notations and prove some results about approximation of Ch{H) functions by 
trigonometric series and some properties of the solutions of the measure equation 
([2|). In section 3, we prove Theorem 11.21 Finally, Theorems 11.41 and 11.51 are 
proved in section 4 and 5, respectively. In order to be clear, each proof is 
divided into several subsections. 

2 Notations and preliminary results 

We shall identify H with its topological dual space H* . If is a Banach 
space, we denote by Cb{H; E) the Banach space of all uniformly continuous and 
bounded functions f : H ^ E, endowed the supremum norm || • \\c^(h-e)- 
C{H; E) is the usual Banach space of all the linear and continuous opera- 
tors A : H ^ E, endowed with the norm || • \\c{h-e)- li E — S., wc briefly 
write C{H) instead of C{H; R). Cl{H; E) denotes the space of all the functions 
/ G Cb{H;E) which are Frechet differentiable with uniformly continuous and 
bounded differential DF e Cb{H; C{H; E)). As above, we shall use the notation 
Cl{H) — Cl{H;W). Inductively, C^{H;E) is the Banach space of all functions 
/ G C^~^{H; E) which are fc-times Frechet differentiable with uniformly contin- 
uous and bounded differential. 

We deal with semigroup of operators that are not strongly continuous. For 
this reason, we introduce the notion of tt- convergence in the space Ch{H) (see 
[?])■ 

Definition 2.1. A sequence {ipn}nen ^ Cb{H) is said to be n-convergent to a 
function ip £ Cb{H) if for any x E H we have 

lim ipn{x) = ip{x) 

n — >oo 

and 

sup ||<^„||o < oo. 

nGN 

Similarly, the m-indexed sequence {'/'ni,...,nm}r!,ieN,...,ra„eN C Cb{H) is said to 
be TT-convergent to (p € Cb{H) if for any i G {2, . . . ,m} there exists an i — 1- 
indexed sequence {^'m,. }nieN,....ni_ieN C Cb{H) such that 

lim ■•• lim <,5„i,...,„„ (x) ..,„,_i (x), xeH 

and 

lim (pnu...,n, ^ ^ni,...,ni_i- 

Ui — *-oo 
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We shall write 

lim • • • lim ipnx,...,n^ = ^ 
or (p„ as ri — > oo, when the sequence has one index. 

Remark 2.2. Note that the 7r-convergence implies the convergence in LP{H; /x), 
for any fi e M{H), p e [l,oo). 

Remark 2.3. The notion of 7r-convergence is considered also in [?], under the 
name of boundedly and pointwise convergence. 

Remark 2.4. The topology on Cb{H) induced by the 7r-convergence is not 
sequentially complete. For a survey on this fact see [?], [?] . 

Definition 2.5. For any subset D C Cb{H) we say that ip belongs to the 
TT-closure of D, and we denote it by £ Z? , if there exists m G N and an 
TO-indexed sequence {</5ni,...,n„,}nieN,...,n„eN C D such that 

lim • • • lim ipni,....n„, = 

ni — >oo rim — ^oo 

Finally, we shall say that a subset D C Cb(H) is 7r-dense in C C Cb{H) if 
D^ = C. 

Remark 2.6. In order to avoid heavy notations, we shall often assume that 
the sequences have only one index. 

It will be helpful the following results about approximation of Cb (i? )-functions 
by trigonometric series. 

Proposition 2.7. We denote by £{H) the linear span of the real and imaginary 
part of the functions 

where h Cz H . Then £{H) is ■n-dense in Cb{H) and for any ip £ Cb{H) there 
exists a two-indexed sequence (</3ni,n2) ^i^) such that 

lim lim „2 (x) = (^(x), x G iJ (14) 

ni — ^oo n2 — *oo 

sup ||</?„i,„J|o < Mo- (15) 

rii ,n2 

Moreover, if (f G Cl(H) we can choose the sequence {(pni.n2) C £{H) in such a 
way that (|14p . (|15p hold and for any h E H 

lim lim (£'(^„j^_„, (x), /i) — {Dip{x),h), x € H 

ni — >00 712 — *oo ' 

sup \\Dipn,,n2\\c,{H-H) < \\Dip\\c,(H;H) ■ (16) 
ni,n2 

Proof. In [?, Proposition 1.2] are proved HI]), ([TS]). follows by the well 

known properties of the Fourier approximation with Fejer kernels of differen- 
tiable functions (sec, for instance, [?]). □ 
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Proposition 2.8. Let {ek)keti be a complete orthonormal system of H . We 
denote by £q{H) the Q-linear span of the real and imaginary part of the functions 

X I— > g*(^'9ieiH h<?„e„) ^ 

where n G N and qi, ■ ■ ■ ,qn £ Q- Then, £iq(H) is a countable n-dense subset of 
Cb{H). In particular, for any Lp G Cb{H) there exists a three-indexed sequence 
(</'ni,n2,n3) C £{H) such that 

lim lim lim <^„ „ „ = (17) 

ni — >oo n2 — ^oo 713 — >oo 

Proof. By Proposition 12 . 71 we can find a two-indexed sequence {fni,n2) C £{H) 
such that HH), holds. It is now clear that we can approximate any (pni,n2 
by a three-indexed sequence (<Pni,n2.n3) C £q{H) such that Vni, 712 £ N it holds 

lim v?„i,„2,„,(.t) = (p„i.„2(a;), x e iJ 

71.3— »oo 

sup ||9'ni,ri2,n3llo < OO. 
n3eN 

Hence, it follows that the three- indexed sequence {'Pni,n2.n3) is the claimed 
one. □ 

It turns out that a stochastically continuous Markov semigroup is a tt- 
semigroup, as introduced by Priola (see [?]). So, we have the following 

Proposition 2.9. Let {Pt}t>o be a stochastically continuous Markov semi- 
group and let (K, D{K)) be its infinitesimal generator, defined as in ([T]). Then, 
{Pt}t>o is a -K -semigroup, that is 

(i) for any t>0,Pte C{Cb{H)) and \\Pt\\c(C,(H)) < 1/ 

(ii) PtPs^Pt+s, t,s>Q; 

(Hi) for any Lp G Cb{H) and x G H, the map [0, 00) ^ R, i Ptip{x) is 
continuous; 

(iv) for any sequence {'■Pn}n&i C Cb{H) such that (p„ ip as n ^ 00 we have 
Pt^n — * Pt'^, as n ^ 00, for any t >0. 

The next result is proved in [?, Propositions 3.2, 3.3, 3.4]. 

Theorem 2.10. Under the assumption of Proposition [273[ we have 

(i) for any Lp G P>{K), Pfip G D{K) and KPt^p = PtKip, t > 0; 

(ii) for any (p G D{K), x G H, the map [0, 00) — » K, t t-> Ptip{x) is continu- 
ously differentiable and {d/dt)PtLp{x) = PtKip{x); 

(Hi) D{K) is TT-dense in Cb{H); 

(iv) K is a -K-closed operator on Cb{H), that is for any sequence {</5n}nGN C 
Cb{H) such that (pn ~^ ^p ^ Cb{H) and Kipn ^ g G Cb{H) as n ^ 00 it 
follows that Lp G D(K) and g — KLp; 



7 



(v) for any f G Cb{H), t > the map i/ ^ M, ^ ^ Jq Psf{x)ds belongs to 
D{K) and it holds 



K ^ PJds ]^Ptf- /. 
Moreover, if (z D{K) we have 

k( f PJds ] = I KPJds; 



(vi) for any A > the linear operator R{X^K) on Cb{H) done by 

R{X, K)f{x) = / e-^'Ptfix)dt, f e a{H), xeH 
Jo 

satisfies, for any f G Cb{H) 

R{X,K) G C{Ct{H)), \\R{X,K)\\c(c,iH)) < \ 

R{X,K)f eD{K), {XI -K)R{X,K)f ^ f. 

We call R(X,K) the resolvent of K at X. 

A central role will be play by the notion of 7r-core. 

Definition 2.11. We shall say that a set D C D{K) is a 7r-core for the operator 
(K, D{K)) if D is n-dense in Ch{H) and for any ip G D{K) there exists m G N 
and an m-indexed sequence {ip }nieN,...,ri,„eN C D such that 



and 



lim • ■ • lim (pni....,n„, = ^ 

ni — ^oo Um — ^oo 



lim •■• lim Kipnj^^,,,^n^ — Ky^- 



It is clear that a 7r-core in nothing but the extension of the notion of core 
with respect to the 7r-convergence. An useful example of core is done by the 
following 

Proposition 2.12. Let {Pt\t>o be o, stochastically continuous Markov semi- 
group and let {K, D{K)) be its infinitesimal generator. If D C D{K) in -n-dense 
in Cb{H) and PtiD) C D for all t > 0, then D is a n-core for {K, D{K)). 

Proof. In order to get the result, we proceed as in [?]. Let ip G D{K). Since 
D in TT-dense in Cb{II), there exists a sequence {^,12) C D (for the sack of 
simplicity we assume that the sequence has only one index) such that (pn2 — > p 
as 712 — * 00. Set 



^ "3 

¥'ni,n2.n3(a;) = — V-P_^</?n2(a;) (18) 



"3 -^1 



for any ni, 7^2,^3 G N. By Hypothesis, {^ni,n2,n3) C D. Taking into account 
Proposition [531 ^ strightforward computation shows that for any x £ H 

1 

hm Hm Hm <^ni,n2,n3(^) ~ lim hm ni / Ptipn2{^)d^ 

1 

hm ni / Pt(p{x)dt — (p{x). 
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Moreover, 

sup ||¥'ni,«2.n3llo < SUplly'nJIo < OO 

ni,n2,n36N n2 

since (^„2 93 as n2 — *■ oo. Hence, 

lim lim lim ((j;„j.„ „3 = (/?. 

ni — >oo 712 — >oo ns — >oo 



Similarly, since D C D{K) and Theorem 12 . 1 01 holds . we have 

1 

lim Kiprii,n2,n^{x) =ni / KPtipn2{x)dt 

So we find 

lim lim lim if(p„^^„ „3(x) = lim lim ni (Pj_(^„2 (a;) - (p„2 (a;) ) 

ni — ^CxD 712 — *00 713 — /li — *00 772 — >00 \ '^1 / 

= lim ni[ Pj^ip{x) ~ ip{x)] ~ Ktf{x), (19) 

since G D{K). To conclude the proof, we have to show that these limits are 
uniformly bounded with respect to every index. Indeed we have 

sup \\Kipn^.,n2,n3\\ < \\K(pn2\\ < OO, 

7i3eN 



sup ||7ii(Pj_(p„2 - </'n2 llo < 2ni sup ||(p„2||o < CX). 
ii2eN \ "1 / 7i2eN 

Finally, the last limit in (jl9p is uniformly bounded with respect to ni since 

if e D{K). □ 



3 Proof of Theorem 11.2 

We split the proof in several lemma, collected into three parts: in the first one we 
prove the first statement of the theorem; in the second one, we prove existence 
of a solution; finally, in the third part, we prove uniqueness of the solution. 



3.1 P; : M{H) ^ M{H) 

Lemma 3.1. Let {Pt\t>o he a stochastically continuous Markov semigroup. The 
family of linear maps {P(*}t>o : {Ch{H))* — > {Ch{H))* , defined by the formula 

{ip, PtF)c(Ci(H), (Ci(H))') = {PtV^ F)c(C„{H), (Cb(H)Y), (20) 

where t > 0, F d {Cb{H))* , (p e Cb{H), is a semigroup of linear maps on 
(Cb(iJ))* of norm 1 and maps M{H) into M{H). 

Proof. Clearly, P^ is hnear. Let F e [CtiH))* , t > 0. We have, for any 
^ e Cb{H), 

{(p,PtF)c(Cb(H),(Cb(H)r) < ll'i5||o||^'||(C5(//))*- 
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Then Pt : {Cb{H))* (Cfc(iJ))* has norm equal to 1. Moreover, by ^ it 
follows easily that Pt*{P*F) = Pt%F, for any t,s>0,F€ {Cb{H))*. Hence, 
(PO)) defines a semigroups of application in {Cb{H))* of norm equal to 1. 

Now we prove that Pj* : M{H) M{H). To check this, let {TTt{x, •), x e 
H} be the family of probability measures associated to Pt, that is Pt^p{x) = 
Jjj (p{y)TTt{x,dy), for any ip £ Ch{H). Hence, if G M{H), we can define the 
map A : B{H) [0, oo) by 



A(r) = / 7Ttix,r)n{dx), r e b{h). 



(21) 



It is easy to see that A is a cr-additive Borel finite measure on H. In order 
to conclude the proof, we shall show that {(p,Pffi) = J^j ip{x)A{dx), for all 
if £ Cb{H). To see this, we extend the operator Pt to an linear and continuous 
operator in L°°{H;M.), still denoted by P*. This extension follows by approx- 
imating pointwise any function / G L°°{H;M.) by a sequence of functions in 
Cb{H). Moreover, this extension is unique. In particular, if F is a Borel set 
of H, we have PtXvix) = 7rt(a;,r), Vx G H. So, if iy9 G Cb{H), we can find a 
sequence C L°°{H;M.) of functions of the fornjl 

N{n) 
k=l 

where N{n) G N, G R, G B{H) are such that A^nAf ifk ^ I^IJ^^A^ = H 
and 

sup WipnWa < WvWa] lim ip„{x) = (p{x), x € H 

Consequently, for any x G we have Pt^n{x) — Pt(p{x) as n — > oo and 
sup„ ||Pt93„||o < sup„ ||iy9„||o||v3||o- By the dominated convergence theorem it 
follows 

ip{x)A{dx) — lim / ipn{x)A{dx) = 



lim V ttfc / T:tix,Al)fi{dx) ^ lim / 



Pt^Pn[x)iJ.(dx) = {(p,PtfJ,). 



k=l 

Hence, the result follows. □ 



3.2 Existence of a solution 

Lemma 3.2. Let fi G M[H). Under the hypothesis of Lemma \3.1[ the semi- 
group {P(*/i}t>o defined in (|20p is a solution oj the measure equation More- 
over, if if d Cb{H) the function ^ is continuous, and if ip £ D{K) function 
([S]) is also differentiahle with continuous differential done by ([T]). 

By Lemma lXn for any /i G Ai{H) the formula ((20)) define a family {P^iJ,}t>o 
of measures on H. Since for any (p G Cb{H) it holds 

lim / Pt(p(x)fi(dx) = / (p(x)ii(dx), 
*^o+ Jh Jh 

^XA is the characteristic function of the set A G H 
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by the semigroup property of Pt it follows that for any ip G C'b{H) the function 

ipix)P:f,{dx) (22) 



H 



is continuous. Clearly, Pq^ — /i. Now we show that if 93 G D{K) then the 
function (|22p is differentiable. Indeed, by taking into account ^ and that 
PiU G M{H), for any (p G D{K) we can apply the dominated convergence 
theorem to obtain 



d 
dt 



v{x)Pt^^{dx) = 

H 

lim ■);■(/ Pt+hf{x)nidx) - 1 Ptip{x)fit{dx) 



h^o h 



= lim (^^^^^^) (^)^t>(rfa:) = Kipix)P,yidx). 

Then, by arguing as above, the differential of (j22p is continuous. This clearly 
implies that {Pj*/i}t>o is a solution of the measure equation ([2|. 

3.3 Uniqueness of the solution 

Since problem ([2]) is linear, it is enough to take ^ = 0. We claim that /it = 
0, yt > 0. In order to prove this, let us fix T > and let us consider the 
Kolmogorov backward equation 

(ut{t,x)+Ku{t,x)^'p{x) te[0,T],xeH, ^^^^ 
\u{T,x) = 0, 

where (p G Cb{H). The meaning of ([23]) is make clear by the following lemma. 
Lemma 3.3. For any T > 0, tp E Cb{H) the real valued function 
u : [0,T] X H 

u{t,x) = - / Psv{x)ds, {t,x) G [0,r] X H. (24) 



satisfies the following statements 

(i) u e Cb{[0,T] X H)E; 

(ii) u{t, •) G D{K) for any t G [0, T] and the function [0, T]xH ^R, {t, x) ^ 
Ku(t, x) is continuous and bounded; 

(iii) the real valued function [0, T] x 7f — > R, (t, x) 1— » u(t, x) is derivable with 
respect to t with continuous and bounded derivative Ut{t,x), that is for 
any x the function u{-,x) is differentiable with differential Ut{-,x), and 
the function [0,T] x — > M, {t,x) i~> Ut{t,x) is continuous and bounded; 



^Clearly, Ct{[0,T] X H) is isomorphic to C([Q,T];Ci,{H)) 
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(iv) for any {t,x) G [0,T] x H the function u satisfies (|23p . 
Proof. For any s, t G [0, T], s < t we have 

j-T-t j-T-t 
u{t, x) — u{s, x) = — Prtf{x)dT + / Pr(p{x)dT 



T-s 

Prip{x)dT. 

T-t 

Then 

\\uit,-)-u{s,-)\\o < |t-.s||l</,|lo. 

(i) is proved. By (vi) of Theorem [TIHl u{t, •) e D{K) for any t G [0, T] and it 
holds Ku{t,x) = —Pr-tfix) + f{x), for any x £ H. So (ii) follows (cf (iii) of 
Proposition dill). Now let h G {-t,T - t) and x e H. We have 

u(t + h,x) — u(t,x) , , , , 

V -r , ; y^_L xu{t,x) - (p{x) = (25) 



1 



-t 

PT-sVi.x)ds - Pr-tvix) 



T-t-h 
T-t 

{Pt-sV{x) - PT-tv{x))ds. 

T-t-h 



Then, since Ptip{x) is continuous in t, ()25p vanishes as /i — > 0. This implies that 
u{t,x) is derivable with respect to t and holds. Moreover, by (ii), we have 
that the maps t i— > ut(t,x) = —Ku(t,x) + f{x) is continuous. This proves (iii) 
and (iv). The proof is complete. □ 

We need the following 

Lemma 3.4. Let {fit} be a solution of the measure equation Q in the sense of 
Definition \l.l\ Then, for any function w : [0, T] x iJ ^ M satisfying statements 
(i), (ii), (iii) of Lemma \3.S\ the map 



[0,r]->R, t^ / u{t,x)fit{dx) 
is absolutely continuous and for any t > it holds 
/ u{t,x)fjLt{dx) ~ I u{0,x)fi{dx) 

JH JH 



{us{s,x) + Ku{s,x))iJs{dx) \ ds. (26) 
H J 

Proof. We split the proof in several steps. 
Step 1: Approximation ofu{t,x). 

With no loss of generality, we assume T = 1. For any x & H, let us consider the 
approximating functions {«"(•, x)}„gN of u{-,x) done by the Bernstein polyno- 
mials (see, for instance, [?]). Namely, for any n G N, a; G we consider the 
function 



[0,T]^R, t^u"(t,a;) =^afc,„(Oi 



k 



k=0 



-,X 

n 
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where 






Since u £ C([0, T];Cb{H)), it is well known that it holds 

lim sup ||u"(t,-) Olio = (27) 
"^°°te[o,i] 

and 

sup |lu"(i, Olio < oo, n e N. 
te[o,i] 

Then, for any t £ [0, 1] 

lim ■) = •)■ (28) 

n— *oo 

We also have that for any n G N, i G [0, 1] 

and that for any x ^ H the function [0,1] ^ M, < Ku"{t, x) is continuous (cf 
(ii) of Lemma [X^ . Then, for any x ^ H it holds 

lim sup \Ku"-{t,x) - Ku{t,x)\ ^ 0, 
"^°°te[o,i] 

sup ||Ku"(t,-)||o < sup \\Kuit,-)\\o<^. (29) 
te[o,i] t6[o,i] 

This clearly implies that for any t E [0, 1] 

lim Ku'^it,-) = Ku{t,-). (30) 

n — >oo 

Similarly, since for any x the function t u{t, x) is differentiable with respect 
to t, we also have that for any x € H 

lim sup lu^itjx) — ut{t,x)\ — 0, 
"^°°te[o,i] 

sup |K(t,-)l|o< sup ||ut(i,-)||o < oo. (31) 

te[o,i] «e[oa] 

Hence, for any t e [0, 1] 

lim ul\t,-)^utit,-). (32) 

n — ^oo 

Step 2: differential of J^u^^{t,x)fit{dx) 

For any n € N, k < n and for almost all t G [0,1] we have 



= |(afc,„(i)/^«(^,x)M*(dx) 



"fc,n(^) J u(^^,x^fit{dx) + ak^nit) J Ku(^^,x^fit{dx). 
fc,n(*)'"(^'^) + ak,nit)Ku(^^, x^j fitidx). 
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Note that the last terms belong to L^{[0, 1]). This implies 



H 



H 



\J H 



(u"(s,a;) + Ku"-{s,x))pLs{dx) 1 ds, 



for any n 6 N. 
Step 3: Conclusion 
Consider the functions 



and 



/ : [0, 1] 
/„ : [0, 1] - 



lit) 
fn{t) 



u{t, x)^t{dx) 



H 



u'^it, x)iit{dx). 



H 



By [57] we have 

{u"'{t, x) — u{t, x))iJ.t{dx) 



H 



< sup \\u''{t,-)-u{t,-)\\o\\tlt\\TV- 

te[o,i] 



Since ^ and (|27p hold, it follows that the sequence (/„) converges to / in 
L^([0, 1]), as n ^ oo. We also have, by Step 2, that /„ is absolutely continuous 
and hence differentiable in almost all t £ [0,1], with differential in L^{[Q,1]) 
done by 



/ {u'^{t,x)+Ku'-{t,x))Mdx), 

JH 

for almost aU t e [0, 1]. By dSU]), dSH) we have 

lim = lim / (u'i^{t,x)+Ku"{t,x))^itidx) 

n — >oo n — >oc J 

= / {ut{t,x) + Ku{t,x))iit{.dx), 
Jh 

for aU te [0,r]. Moreover, it holds 



(33) 



SUp|/;(0|< sup \\u{t,-)\\o + sup \\Ku{t,■)\\]\\^lt\\TV■ 
n&l \tG[0,l] *e[0,l] / 

Hence, still by (f^ . (^1]) . there exists a constant c > such that sup„ < 
cIlMtllTV- By taking into account ([3]), it follows that the limit in ((33|) holds in 
L^([0, 1]). Let us denote by g{t) the right-hand side of We find, for any 

a,6 e [0,1], 



f{h) ~ f{a) - hm (/„(6) - /„(a)) 



= / hm f:Mdt = / git)dt. 



= lim 



Therefore, / is absolutely continuous, and f'{t) — g{t) for almost all t e [0, 1]. 
Lemma 13.41 is proved. □ 
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Now let If e Cb{H) and u be the function defined in We have that u 

satisfies statements (i)-(iv) of Lemma 13. 31 Hence, by Lemma it follows that 
the function [0,T] — > M, t — > J^u(t,x)iit{dx) is absolutely continuous, with 
differential 



u{t,x)^it{dx) = / [ut{t,x) + Ku{t,x))ntidx) 

H JH 



d 

dt ... 

= / (pix)^t{dx), 

JH 

for almost all t G [0,T]. So, we can write 



0= / u{T,x)^T{dx) ~ / u{0 , x) fj,{dx) 

' H JH 



ip{x)fj,t{dx) ) di. 



for all G Cb{H). By the arbitrariness of T, it follows that for any < s < t it 
holds 

/■*//- \ 

Lp{x)iir{dx) \ dr = 0. 



H 

Since ([SI) holds, the function t ^ ip{x)iir{dx) belongs to L^{[0,T]), for any 
T > 0. Consequently, by the well known properties of the Lebesgue integrable 
functions, for any ip G Ch{H) we have 

V?(x)Mt(da;) = 0, (34) 

H 

for almost all t >Q. At this point, it is not clear if /Xf = for almost all t > 0. 
So, let us consider the set £q{H) introduced in Proposition 12.81 We denote by 
the set {t > : p4|) does not hold} and by / the set 

/= u i^. 

Since SqiH) is countable and for any ip G Sq{H) the set is Borel and of 
Lebesgue measure equal to zero, then / is Borel and of Lebesgue measure equal 
to zero. It is clear that ([Ml) holds for aU ip G £q{H), t e R.+ \I. Now let 
(fi G Cb{H). Still by Proposition 12.81 we know that there exists a three-indexed 
sequence (iffrti.rta.na) C SqiH) such that ([T7]) holds. Hence, for any t G M"*" \ / 
we have 

/ (p{x)fit{dx) ^ lim lim lim / ipn^^n2,n3{x)pit{dx) = 0. 

ni — >oc 712 — 'oc ns — >oo 

This implies that /it = for all t G \ / and hence fit — for almost all t > 0. 
The proof is now complete. □ 

Remark 3.5. In the last part of the proof it has a fundamental role the fact 
that the space Cb{H) has a 7r-dense countable subset. This is possible since H 
is separable, as it can be see by Proposition [ 
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4 Proof of Theorems 11.21 



We begin by showing that the transition semigroup {Pt}(>oin ([TT|) is a stochas- 
tically continuous Markov semigroup in Cb{H). 

Proposition 4.1. Under Hvvothesis \1.3\. the transition semigroup {Pt}t>o de- 
fined in is a stochastically continuous Markov semigroup in Ch{H). 

Proof. The fact that {Pf }f>o maps Cb{H) into Cb{H) and that it is a semigroup 
of operators may be found in [?, Proposition 3.9]. We also have Pt(p{x) = 
(p{y)Trt{x,dy), where Trt{x,-) is the probability Borel measure on H defined 
by 7rf(a;,r) = ¥{X{t,x) e T), VF e B{H). Hence, the semigroup {Pt}t>o is 
Markovian. Finally, since X{t,x) fulfills (|10p . it follows easily that for any 
f £ Cbb{H), X G H the function if — > K, t ^ Pt(p{x) is continuous. □ 

In order to prove Theorem 11.21 namely Kip — K^if if (/j G Ia{H) and that 
Ta{H) is a TT-core for {K, D{K)), we proceed by several steps. We start by 
studying the case when F ~ m (fT2|) . 

4.1 The Ornstein-Uhlenbeck operator 

If F = 0, the operator (|12|1 is known as the Ornstein-Uhlenbeck (OU) operator. 
Let us consider the OU semigroup {Rt}t>o done by 

RMx) = / ifiie'^x + y)NQ^{dy), f e Cb{H), t>0, xeH, 

JH 

where Nq_i. is the Gaussian measure on H of zero mean and covariance operator 
Qt (see [?]). By Proposition 14.11 we know that the OU semigroup {Rt\t>o is 
a stochastically continuous Markov semigroup in Cb{H). Moreover, it is well 
known that for any t > 0, h £ H it holdQ 

i?te^<-^''>(.T) = e'<'="=^'''>-^<'5''''''\ h£H. (35) 

We denote by (i, D{L)) the infinitesimal generator of {Rt}t>Q- We need the 
following 

Proposition 4.2. Let £a{H) he the linear span of the real and imaginary part 
of the functions 

a;H^e*(=^,M^ xc,H,hc,D{A*), 

where A* is the adjoint of A in H . For any ip G Cb{H) there exists a three- 
indexed sequence {'Pni,n2,n3) C £a{H) such that 

lim lim lim (^„j.„ „3 = 

ni — >oo 712 — >oon-3 — >'DC 

Moreover, if (fi C^{H), we have that for any h £ H it holds 
lim lim lim {Dip„-^_„2,n3, 

rii — >oc n2—>-oo 713—^00 
^of course, in ((35j wc consider only the real or the imaginary part 
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Proof. Let ip G Cb{H), and let us consider a two-indexed sequence {'Pni,n2) C 
£{H) as in Proposition l2.7l Let us define the sequence (</3ni, 712.113) by setting 

where i?(n3,A*) is the resolvent operator of A* at ^3. Clearly, fni,n2,n3 G 
£a{H)- Taking into account that nR{n, A*)x x as n —>■ 00 for all x and 
that for some c > it holds \nR{n, A*)x\ < c\x\ for any a; G -ff, n > 1, it follows 
^ (Pni,n2 as na 00. If / £ Cl{H), we observe that 

{D{f{nR{n,A*)-){x),h) = (Df{nR{n,A*)x),nR{n,A)h). 

Therefore, be arguing as above, we find {D{f{nR{n, A*)-),h) ^ {Df{-),h) as 
n ^ 00 . Hence the result follows. □ 

Example 4.3. If A 7^ we have D{L) n SAiH) = {0}. In fact for any x £ 
H, h e D{A*) we have 



lim 



t 



-i (g/i,;i)+i(^*/i,a;} 



J{h,x) 



which is not bounded when A =/= 0. 



Proposition 4.4. The set Ta{H) is n-dense in Cb{H), it is stable for Rt and 
Ta{H) C D{L). Moreover, it is a n-core for {L, D{L)) and for any ip G Xa{H) 
it holds 

L(p{x) = i Tr[QD^ip{x)] + (x, A*D(p{x)), x e H. (36) 
Proof Let h e D{A*) and a > 0. We have 



lim — 

a^0+ a 



J{e'"^x,h)-^{Q,hJi) _ ^i{x,h) x E H 



and 



sup 

a>0 



J{e^^x,h)-^{Qsh,h)^^ _ ^i{x,h) 



< 2. 



Then £a{H) C Ia{H) ■ Consequently, in view of Proposition 14.21 ^a{H) is 
TT-dense in Cb{H). Now let t > 0. By taking into account we can apply 

the Fubini theorem to find 



Rt 



(^J\He^^ M-kiQ^hMds^ (x) = 



a 



e 

a+t 



(37) 



since {Qte'^' h,e'^' h) = {e^'^Qte"'^'' h, h) = {Qt+sh,h)-{Qsh,h). Then Rt{lA{H)) 
C Ia{H). Now we prove that Ia{H) C L'(i). Let 



(38) 
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By p7p we have that 



Rtfix) - ip{x) = 







This impUes 



and 

\RMx)-ip{x)\ < 2t. 

Then ip G D{L) and by Proposition 12.121 follows that Ia{H) is a 7r-core for 
{L,D{L)). In order to prove ([551) . it is sufficient take (f as in ([55)1 . By a 
straightforward computation we find that for any x E H it holds 

^Tr[QD\{x)] + {x,A*D^{x)) 
5s 

_ i{e°-'^x,h)-^{Qah,h) _ i(x,h) 

cf Example 14.31 By taking into account ([55)1 . it follows that ([55)) holds. □ 
4.2 Perturbations of the OU operator 

Proposition 4.5. Under Hvvothesis l 1 . SI let (L, D{L)) be the infinitesimal gen- 
erator of the OU semigroup {Rt}t>07 ^.i^d, let {K,D{K)) be the infinitesimal 
generator of the semigroup {Pt}t>Q- Then D(K) DCKH) = D[L)C\Cl{H) and 
for any Lp £ D{V) n Cl{H) we have K(p = Lip + {Dp, F) . 

Proof. Let X{t,x) be the solution of equation ([9]) and let us set 

ZA{t,x) = e'^ + f e^'-'^^Q^'^dW{s). 
Jo 

. Take p € D{L) n Cl{H). By taking into account that 

X{t, x) = ZAit, x)+ [ e(*~")^F(X(i, x))ds. 



by the Taylor formula we have that P-a.s. it holds 

p{ZAit, x)) = p{ZA{t, x)) - p{X{t, x)) + p{X{t, x)) 

= p{X{t,x))~ (^Dp{^ZA{t,x) + {1 - £,)X{t,x)), e^'-''>'^F{X{t,x))ds'^dC 
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Then we have 

Rf (p{x) - ip{x) = E[ip{ZA{t, x))] - ip{x) = Ptyy{x) - ip{x) 

-E (^D(p{CZA(t,x) + {l-C)X{t,x)), e'^'-'^^F(X(t,x))ds)d^ 
Since (p C D{L) n Cl(H), it follows easily that for any x ^ H 

lim '^^^("^ - ^ + ^^(.)) 

t-»o+ t 

and 





- if 


< sup 




sup 


t 


t 


te(o,i] 


te(o,i] 



+ \\D(p\\c,iH:C(H))\\F\\c,iH:H) < OO, 



that implies (p £ D{K) and iiTc/j = Lip + {Dip, F). The opposite inclusion follows 
by interchanging the role of Rt and Pt in the Taylor formula. □ 

By the proposition above, we have immediately the following corollary, that 
proves the first part of Theorem 11.41 

Corollary 4.6. Under the hypothesis of Proposition we have Ia{H) C 
D{K). Moreover, the operator Kq is well defined on Xa{H) and for any p> G 
Ia{H) we have Kip = K^p. 

Proof. Note that 1a{H) C Cl{H). Since by Proposition [131 we have Ia{H) C 
D{L), by Proposition [13] we have JA(-ff) C D{K) and Kip = Lp+ {Dp,F), for 
any ip £ Ia{H). Finally, by taking into account it follows that Kp = K^p 
holds for any <p 6 Ia{H). □ 

In order to prove that Xa{H) is a 7r-core for K, we need the following ap- 
proximation result 

Lemma 4.7. Under the hypothesis of Proposition^^ let p G D{L) n Cl{H). 
Then there exists m G N and an m-indexed sequence {'Pni,...,n„^) C Ta{H) such 
that 

(40) 



lim • • ■ lim '^71^^ 



1 



lim ••• lim -Tr[QD^ipn,,....nJ + {■,A*Dpn^,....nJ = Lp, (41) 
and for any h ^ H 



lim ■ ■ • lim {Dipm^ 



(42) 



Proof. We observe that the results of Proposition 14. 21 holds also by approxima- 
tions with functions inl a{H). Indeed, let {'Pm,n2.n3) C £a{H) as in Proposition 
By setting, for any ni, rt2, ^3, ^4 G N 



[x)=ni\ Rt(pm,n2,n3{x)dt 
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we have, thanks to ([55]) . that ^m. 712, na.n^ £ 1a{H). Clearly, 

lim ••• lim i,5„i,«2,n3,«4 = 



ni — >oo 124 — >oo 



Moreover, since D{Rtf) — e*"* Rt{D(p) (cf, e.g., [?, Proposition 6.2.9]), we find 
that for any h € H \t holds 

(i:>(/7„,,„2,„3,„^(x),/l) = ^4 j Rt{{Dipn^^n^^n^{-),e*^h)){x)dt. 

Hence, 







lim •■• lim {Dipn-^.n2,n3,ni, 

h) = {Dip, h). 

ni — ^00 714 — 

Now we construct the desired approximation for (p G D{L) f) Cl{H). Let 
ip G D{L) n Cl{H) and {'PrL^) ^ 1a{H) as above (of course, for simplicity we 
assume that this approximation has only one index; this does not reduce the 
generality of the proof). By setting ((/Jni.na^na) CU '^ith Rt instead of Ft, 
we have that ([30]), (|4ip hold, by the same argument of the proof of Proposition 

We now observe that for any rii,n2,n3 G N, the function p>ni,n2,n3 is differ- 
entiable in every x d H along any direction /i G -ff , with differential 



{Dipni,7i2,7i3{x),h) = (p„i,„2,„3(a;) = — ^R_^{{DLpn2{-),e'^'^h)){x) 



1 = 1 

Moreover, 

sup \\{Dipnun2.7i3,h)\\o <Snp\\D(pr,2\\cb{H;H) sup ||e*'^||£(H)|/l| < CX). 
ni,"2,"36N "2 0<t<l 

Now by arguing as for Proposition [2TT21 it yields ((42|) . □ 

4.3 The case F e Cl{H] H) 

The following proposition is proved in [?, section 3.3]. 

Proposition 4.8. Let us assume Hypothesis and that F G C^{H;H), that 
is F : H ^ H is two time dijferentiable with bounded differentials. Then 
the semigroup {Pt}t>Q defined in (jlip maps Cl{H) into Cl{H), and for any 
f G Cl{H), h e H we have 

(DPtfix), h) = ^{Df{X{t, x)), Tj'^it, x))] , 

where ri^{t, x) is the mild solution of the differential equation in H 

L^^it,x) ^ A7^^{t,x) + {DFiX{t,x)),r,'-{t,x)), t > 0, 
\ri''{0,x) = h. 



Corollary 4.9. Under the hypothesis of Proposition let {K,D{K)) be the 
infinitesimal generator of {Pt\t>o- Then, for any A > Q,uj + M\\DF\\q, the 
resolvent R{\,K) of K at X maps into Cl{H) and it holds 

A - + Ai \\Ct{H;C(H))) 
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Proof. Let / e Cl{H). For any t > 0, e C^iH) and for any x, /i £ iJ it 
holds 

(i?Pi/(a;), /i) = E[{Df{X{t, x)),Tj'\t, x))] , 
where rf'{t,x) is as in Proposition [THl It is also easy to see thalH 

see, e.g., [?, Theorem 3.6]. Hence, by (vi) of Theorem 12. 101 we have 



\{DR{\K)f{x),h)\^ 



e-^'^[{Df{X{t,x)),r^''{t,x))]dt 



<M\\Df\\c,iH;H) 



M\\Df\\c,i^H,H) 



\-{u + M\\DF\\c,(H,c(H))) 
for any h E H . Therefore, follows. 



-Atg(^+M||Z5F||)t|^|^^ 



1^1, 



□ 

Proposition 4.10. Let us assume that that Hupothesis \1.3\ hold and let F e 
C^{H;H). Denoted by {Pt}t>a the transition semigroup defined in (llip . let 
(K, D{K)) be its infinitesimal generator. Then, the set Xa{H) introduced in 
Theorem \1.5\ is a n-core for {K, D{K)), and for any tp G D(K) there exists 
m e N and an m-indexed sequence {(pni....,n,„) C Xa{H) such that 



lim 



lim KQifm, 



Kip. 



(44) 



Proof Let (p £ D{L) (1 Cl{H). By Proposition [43] we have that p & D{K) ^ 
Cl{H). Hence, by (i) of Theorem 1 2 . 1 01 we have Ptf G D{K) and by Proposition 
Olwe have Ptp G Cl{H), for any t>Q. So P* : D{L)r\Cl{H) D{L)C\Cl{H), 
for any t > 0. Moreover, Ia{H) C D{L) n Cl{H) and so D{L) n Cl{H) is tt- 
dense in Cb{H), in view of the fact that Xa{H) is 7r-dense in Cb{H) (cf Prop. 
WM- Therefore, by Proposition EH D{L) n Cl{H) is a 7r-core for {K,D{K)). 
So there exists a sequence (<^m) C Ia{H) (we assume that the sequence has one 
index) such that Lipm + {Dipm,F) ^ Kip, as m ^ oo. Now, thanks to Lemma 
14.71 we can approximate any pm by a sequence (ipm.n) C Ia(H) in such a way 
that ip„i,n ^ ^m, LVni.n ^ L^m as n ^ OO and {Dipm.ji^h) ^ {Dip„i,h) as 
n — > oo, for any h £ H . Since F : H H \s bounded, we have {DLpm,n, F) 
{Dipm,F) as n ^ oo. Finally, since p>m,n G Xa{H) by CoroUarv 14.61 it follows 

' □ 



4.4 The Lipschitz case and conclusion of the proof 

CoroUarv 14.61 proves that K is an extension of Kq, and that Kp) = Kop, Mp G 
Xa{H). It remains to prove that Xa{H) is a 7r-core for K. 

We denote by Lf the Lipschitz constant of F. Let p G D{K), A > max{0, uj+ 
Lp} and set f = Xp — Kp. Since Cl{H) is dense in Cb{H) with respect to the 

^in order to avoid heavy notations we set |1-D-F|| = \\DF\\Q^(^JJ.J^(^ff^|^ 
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supremum norm (see [?]), there exists a sequence C Cl{H) such that 

ll/rii - /||o ^ as rii oo. Clearly, if = R{\ K)fn^ we have 

lim Kifin^ = Kip. (45) 

Til — >QC 

Now we consider a sequence of functions (i^n^)^^^^ C C^{H; H) such that 

lim Fn^{x) = F{x), yxe H (46) 

n2 — ^oo 

and 

sup \\FnJct{H-H) < \\P\\c,{H-H)^ ^Up ll^-Fna Ilc6(//;£(i/)) < Lp- (47) 

n2eN n2GN 

This construction is not too difficult but technical and an example can be found 
in [?, section 3.3.1]. Let X^^{t,x) be the solution of ^ with Fn^ instead of F. 
It is straightforward to see that for any T > 0, x ^ H 

lim sup E[|X"^(t,a;) -X(i,a;)pl = 0. 

Hence, if P"^ is the transition semigroup associated to X'^'^{t,x), we have that 
for any ip £ Cb{H) 

lim Pp^ifi^Ptip. 

n2 — >oo 

We denote by {Kn2, D{Kn2)) the infinitesimal generator of the transition semi- 
group {F"^}f>o, as in JT]). We also set 

Ko,n2'p{x) = Koifix) + {Dip{x),Fn, ~ F{x)), if e Ia{H), x e H. 



If R{X,Kn2) is the resolvent of Kn2 at A (cf (vi) of Theorem 12. lOp . we have 

lim R{X,Kr,^)f = R{X,K)f, 

712 — 'OO 

for any / £ Cb{H). Setting (pm.n2 = Kn2)fnn for any ni G N we have 

lim (^„^„2=.^„^, lim Kn.^(pm,n2= Kipm- (48) 

Moreover, since ^ Cl{H\H)^ by Corollary 14.91 we have that R{\Kn2) '■ 
Cl{H)^Cl{H) and 

II n II ^ ^\\DVnA\ci(H;H) , M\\DipnA\ci(H:H) 

+\\DFn2\\c,(H-C(H))) X-(uJ + Lf) 

for any ni,n2 G N. Consequently, by (|T7ll it follows 

lim {D^r.,,n2,F-Fr,,)^0. (49) 

712— '■oo 

Since /„, e Ci(i?), by Corollary [H] we have (^„,,„, £ i?(i^„2) n CHH). By 
Proposition l4.10l for any ni, n2 S N we can find a sequence ('y3ni,n2,n3) ^a{FI) 
such that 

lim -ftro,n2 9'ni.n2,n3 = -^Vni,n2 + {Difm ,n2, F„^) = Kn2Vni,n2- (50) 

ns — 'CO 
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Hence we have 

and by dm), dMl), jSO]) it follows 

lim lim i^o'^ni,n2,«3 

= lim Kn^ipni^n2 + {D^fim.n^.F - Fn^) = K(pn^. 

71-2 — >00 

Now the result follows by (gSl) . □ 

5 Proof of Theorem 11.51 

Let /J, G Ai{H) and assume that {/U.t}t>o is a solution of the measure equation 
(|13p. Denoting by {K,D{K)) the infinitesimal generator of the semigroup PT|) . 
by Theorem II. 41 we have that Ta{H) is a 7r-core for {K, D{K)), and that _ft'(y9 — 
Kqlp, for any 1^9 G Ia{H). This implies that {K,D{K)) is an extension of iiTo- 
So it is easy to see that {P^fj,}t>o is a solution of the measure equation 
Hence, if 95 € D{K) there exists a sequence^ ((^Sn) C Ia{H) such that 

lim = 95, lim K^Lpn = K(p. 

n — >oo n — >oo 

For any t > we find 

ip{x)nt{dx) - / ip{x)fi{dx)^ lim ( / ifin{x)fit{dx) ~ / ipn{x)f^{dx) 

= lim / ( / iiro',5n(a;)^s(da;) ) (is- 







Now observe that for any s > it holds 



lim / KQipnix)fis{dx) = / K(p{x)^isidx) 
" " Ih Jh 



and 



Ko(p„{x)ns{dx) 



H 



< sup ||i\:o(^„||o||Ms||Ty- 

neN 



Hence, by taking into account ^ and that sup„gpj ||iiro<<5n||o < 00, we can apply 
the dominated convergence theorem to obtain 

lim / ( / Ka(pn{x)pis{dx)] ds = / ( / K(p{x)fis{dx)] ds 
"^°°,/o \Jh J Jo \Jh J 

So, {^t}t>Q is also a solution of the measure equation for {K, D{K)). Since by 
Theorem 11.21 such a solution is unique, if follows that the measure equation (fT5|) 
has a unique solution, done by {Pffi}t>o- □ 

Remark 5.1. If {K,D{K)) is the infinitesimal generators of a stochastically 
continuous Markov semigroup and Z? is a 7r-core for {K, D{K)), we can extend 
the theorem above to the operator Kq K\d- Indeed, all the computations 
are similar. 



^For simplicity we assume that this sequence has only one index 
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